We propose a simplified analytical model for the estimation of nonlinearity mitigation using spectral inversion. We demonstrate excellent agreement between analytical model and numerical simulations within a standard deviation of 0.2 dB Q-factor for five-subcarrier superchannel transmission over various uniform and non-uniform link configurations. The analytical model can enable fast and accurate estimation of optical reach improvement from flexible placement of spectral inversion in superchannel transmission over practical link configurations.
Introduction
Superchannels with higher order modulation formats can enable multi-100 Gb/s transport with higher spectral efficiency than dense wavelength division multiplexing (DWDM) channels [1] . However, the optical reach of spectrally efficient superchannels is limited due to the following facts: 1) There is a higher optical signal-to-noise ratio (OSNR) requirement for higher order modulation format, but OSNR improvement by increasing launch power is limited due to the Kerr effect. 2) There are higher nonlinear interactions between tightly packed subcarriers [1] . Thus, nonlinearity mitigation is required to improve the optical reach of superchannels, which can be realized in either electronic or optical domain. For electronic domain solution, digital back propagation (DBP) numerically back propagates sampled electric field of optical signal in digital signal processing (DSP) of coherent receiver [2] , [3] , which has high computation complexity due to required large number of stages for split-step method. For improved calculation efficiency, folded DBP for dispersion managed fiber [4] , [5] and perturbation back propagation (PBP) [6] were proposed. However, both DBP and PBP are only suitable for intra-channel nonlinearity mitigation because of the prohibitively large computational complexity for inter-channel nonlinearity mitigation [1] . Midspan spectral inversion (SI) is another technique that can reverse accumulated nonlinear noise and chromatic dispersion in optical domain through optical phase conjugation (OPC) process [7] - [13] . The advantage of the midspan SI is that it can compensate for both intra-and inter-channel nonlinear noise at the same time [11] . Recently, the nonlinear noise threshold improvement of 10 dB by nearly ideal midspan SI has been demonstrated [14] . In addition, it was showed that midspan SI can save 82% in power consumption compared to DBP for 400G PM-16QAM transmission with 19% forward error correction overhead [15] . However, the practical application of midspan SI in optical networks has been limited due to the requirement of link symmetry with respect to the placement of SI [16] . To overcome this limitation, phase-conjugated twin-wave (PCTW) was proposed [16] , which transmits two phase-conjugated optical signals in two orthogonal tributaries of polarization to cancel out anti-correlated nonlinear perturbations between two polarization components at the receiver. However, PCTW sacrifices spectral efficiency because it carries redundant information in two orthogonal polarizations.
The advent of DBP in DSP based coherent receivers has enabled flexible SI placement in uniform transmission links [17] . In this case, DBP can compensate for residual nonlinear noise and residual chromatic dispersion with reduced computation complexity compared to full DBP. Furthermore, we showed nonlinearity mitigation using SI placed flexibly in uniform and non-uniform transmission links without DBP in coherent receiver [18] . In a recent field trial experiment, nonlinearity mitigation using off-midspan SI in non-uniform transmission link was demonstrated [19] . However, there is no analytical tool to estimate nonlinearity mitigation using SI in transmission of optical signal over the various optical links, which may enable practical application of SI in real optical networks.
In this paper, we derived an analytical model to efficiently estimate nonlinearity mitigation using SI in both single channel and superchannel transmission. We derived the analytical model for superchannel transmission from the nonlinear Schrödinger equation, where each subcarrier has finite signal bandwidth, which differs from the derivation in [20] based on four-wave-mixing between combs of subcarriers with negligible bandwidth in OFDM transmission. We confirmed the validity of the analytical model by comparison with the numerical simulation model in estimation of nonlinearity mitigation and Q-factor improvement, when a superchannel is transmitted over uniform or nonuniform transmission links with SI placed at various intermediate nodes along the transmission links. We also demonstrate the effectiveness of nonlinearity mitigation in superchannel transmission depending on SI placement in uniform/non-uniform transmission links. A design tool based on this analytical model can be used for quick estimation of nonlinearity mitigation or optical reach extension using SI in practical transmission links which may have non-uniform links.
Analytical Model for Spectral Inversion
We developed a simplified analytical model for nonlinear noise estimation for optical transmission with SI over uniform/non-uniform transmission links based on nonlinear transfer function of optical fiber [16] , [21] , [22] and Gaussian Noise (GN) model [23] . The nonlinear transfer function can be derived by Volterra series expansion which enables to obtain frequency domain solution of slowly varying complex envelope of electric field, described by nonlinear Schrödinger equation for optical transmission over a single mode fiber. And nonlinear noise power of optical signal transmitted along uncompensated link can be approximated as Gaussian noise, according to GN-model. In this derivation, an ideal SI is assumed, i.e. net wavelength-shift-free SI of input optical spectra and no OSNR penalty due to SI, based on the reported small OSNR penalty by SI in [11] , [24] and wavelength-shift-free SI operation in [25] . The nonlinearity mitigation by SIs with non-ideal OPC, which causes parametric noise amplification, is well discussed in [26] . Furthermore, GordonMollenauer noise due to interaction of nonlinear propagation and ASE noise is not considered because it is not major impairment especially when nonlinear noise is mitigated by midspan SI [27] . We also assumed that any impairment due to residual dispersion can be compensated in DSP of coherent receiver. These assumptions simplify the derivation of the analytical model. Fig. 1 shows an example of simple transmission line consisting of 2 links with SI placed in between the links. Let us defineÃ z (ω) as the Fourier transform of slowly varying complex envelope of electric field at z. G k (z) and C k (z) are defined as logarithmic power profile and cumulative dispersion along the fiber [16] , respectively, and expressed as
where g k is gain coefficient, α k is loss coefficient, and β 2, k is group velocity dispersion (GVD) in the kth link. We also define H 1, k (ω) as linear transfer function and γ k as nonlinear coefficient of fiber for the kth link. Then, the output from the first linkÃ z 1 (ω) can be expressed as the linear transfer function of the combination of the input signal and nonlinear perturbation [21] :
where the first-order nonlinear perturbation δ N L ,1 (ω) is given by
Here,S 0 (
The nonlinear transfer function of the first link can be defined as
Then, (4) can be rewritten as
When SI is placed after the first link, the input to the second link becomes the phase conjugated output of the first link,Ã * z 1 (ω). Then, the output from the second link,Ã z 2 (ω), can be expressed as
The expression of nonlinear perturbation of the second link, δ N L ,2 (ω), is following similar formulas as in (5) and (6):
where ζ 2 ( ) is the nonlinear transfer function of the second link, andS *
by considering only the linear term ofÃ z 1 (ω) because the nonlinear perturbation terms proportional to γ 1 or γ 2 will be considered and the other higher order terms will be omitted in the final calculation of total nonlinear perturbation. Now, the output of the second linkÃ z 2 (ω) can be rewritten as
where the total nonlinear perturbation is given as ) dz
Here, ζ 1 ( ) and ζ 2 ( ) are the nonlinear transfer functions of the first and second links. Based on this simple example, we can clearly see that the nonlinear transfer function, ζ( ), of two fiber links with SI can be found by appropriate concatenation of the nonlinear transfer functions of each fiber link. Next, we consider a linear network with multiple links, as shown in Fig. 2 . The length of the kth link is L k . For simplicity we assume that the same repeater output power and the same fiber are used for all the links, which makes G k (z k ) equal to 1 and GVD uniform, β 2 . The nonlinear transfer function of each link can be found from (5), and the nonlinear transfer function for the concatenated links can be expressed as
The first term is the phase conjugation of the concatenated nonlinear transfer function of the first two links before SI. The second term is the nonlinear transfer function of the last two links after SI which is multiplied by a term describing the phase shift caused by phase mismatch due to dispersion over the propagation distance up to SI. This example shows that we can easily calculate the total nonlinear transfer function for a given path when nonlinear transfer functions of each link are pre-calculated, which can be very useful for application in optical networks.
In [17] , pre-dispersed SI (PSI) is proposed to achieve better nonlinearity mitigation by improving link symmetry with respect to power and dispersion maps, especially in uniform transmission links. In PSI configuration, the dispersion from the section of only the span prior to the SI excluding effective length is compensated. Therefore, if PSI is used instead of SI in Fig. 2 , then (12) can be rewritten to reflect the dispersion compensation for the transmission distance L 2, psi = L 2 − L 2, eff , where L 2 and L 2, eff are span length and effective length of the second link, respectively.
Finally, based on GN model, the power spectral density (PSD) of nonlinear noise for dual polarization signal can be expresses as
where f G is PSD of input signal which shapes periodic white GN [22] . We can further simplify the ζ( ) for uniform transmission links with SI under assumption that the effective length is much smaller than span length L, which is true in most practical cases:
Here, SI is placed after M spans along the (M + N ) span transmission link (see Fig. 3 ). The first term is conjugate of nonlinear transfer function of transmission line before SI, and the second term is nonlinear transfer function after SI with additional phase term −e the nonlinear noise from each span has to be combined coherently when using the GN-model for transmission links with SI. Moreover, this derived analytical model can be used for a single-carrier channel, superchannel, or DWDM configurations. Finally, the nonlinear noise power in a subcarrier channel can be calculated by integrating (14) for the corresponding spectral bandwidth. It can then be converted to the Q-factor based on SNR calculation described in [23] .
Superchannel Transmission System for Comparison Study
We verified the validity of analytical model by comparing it with the numerical simulation results for superchannel transmission using commercially available software, where subcarriers suffer from larger impact of fiber nonlinearity than regular WDM channels. We considered both SI and PSI techniques over uniform and non-uniform transmission links. Fig. 3 shows the schematic diagram of superchannel transmission system used for analytical and numerical studies. We transmit a superchannel with two or five subcarriers spaced by 35 GHz. Each subcarrier is 32 Gbaud Nyquist DP-16 QAM with root raised cosine filter of 0.15 roll-off factor. The transmission line consists of total 20 spans of SMF fiber, as shown in Fig. 3 . Dispersion, nonlinear coefficient and attenuation of the fiber are 16 ps/nm/km, 1.3 /W/km and 0.2 dB/km, respectively. We use one uniform and two nonuniform transmission link configurations as listed in Table 1 . The first configuration has uniform link with 20 spans of 60 km fiber. The second configuration has 10 spans of 60 km fiber followed by 10 spans of 75 km fiber. The third configuration has randomly varied span length between 50 km and 75 km and the span lengths are listed in the table in order of span. The PSI/SI placement is varied from M = 6 to M = 14 spans for each transmission configuration. We set the fiber input power to 1 dBm per subcarrier and added lumped ASE noise at the receiver side with fixed received OSNR of 22 dB. Then, coherent receiver is used to compensate for residual dispersion and evaluate a subcarrier channel of the received signal. The center subcarrier channel is evaluated for fivesubcarrier superchannel and one subcarrier channel is evaluated for two-subcarrier superchannel.
To improve numerical simulation accuracy, the BER is averaged over 200 runs of 2 15 symbol transmission and converted to Q-factor. Fig. 4 shows analytical (diamond markers) and numerical simulation (solid lines with cross markers) results of Q-factor improvement brought by PSI/SI for different link configurations when a five-subcarrier superchannel is transmitted. It has been known that in some cases the GN model can overestimate nonlinear noise [28] . In this study, two parameters are appropriately adjusted to have the best match between analytical and numerical solutions instead of adopting enhanced GN model (EGN) described in [28] . Thus, the factor 16/27 in (12) is set as 1 and the attenuation parameter for analytical estimation is set to 0.3 dB/km, which helps to reduce the overestimation of nonlinear noise. We clearly see excellent agreement between the analytical and the numerical simulation results for all configurations. The overall standard deviation of difference between the two results is about 0.2 dB and the maximum difference is about 0.6 dB. In addition, we confirmed the benefit of PSI over SI as found in [4] for uniform link. It gives a significant improvement, ∼ 1.5 dB, of nonlinear noise mitigation by midspan PSI due to improved symmetric profiles of power and dispersion maps. However, in non-uniform links (see Fig.  4 (b) and (c)), the performance of PSI could be comparable to SI because PSI fails to guarantee better link symmetry in such configurations. We observe Q-factor improvement of more than 2.5 dB with the best placement of PSI and more than 1.8 dB with an offset of up to 3 to 4 spans from midspan for all link configurations (see refer to Fig. 4(a)-(c) ).
Results and Discussion
Next, we reduced the number of subcarriers of the superchannel to two. Q-factor improvement by PSI/SI, calculated by the analytical and the numerical models, is shown in Fig. 5 for different link configurations depending on PSI/SI placement. In analytical solution, we used the same adjusted parameters found for the best matching between analytical and numerical solutions of the fivesubcarrier superchannel transmission. The overall standard deviation of difference between the analytical and the numerical simulation results is about 0.1 dB and the maximum difference is about 0.2 dB, which confirms the validity of the analytical model. Again, the best nonlinear mitigation of ∼ 2.5 dB is achieved with midspan PSI in uniform transmission link, which is larger by 0.8 dB than nonlinearity mitigation by midspan SI (Fig. 5(a) ). But the benefit of PSI over SI is diminishing in non-uniform links as shown in Fig. 5(b) and 5(c) due to non-symmetric links with respect to PSI. Therefore, PSI might be most useful in uniform transmission links such as submarine links. Note that the best Q-factor improvement by midspan PSI in uniform span is larger for the five-subcarrier superchannel (see Fig. 4(a) ) than the two-subcarrier superchannel, Fig. 5(a) , because nonlinear penalty itself is larger for a superchannel with larger number of subcarriers due to larger intersubcarrier nonlinear penalty. Again, we observe a significant Q-factor improvement of more than 1 dB with SI or PSI even with an offset placement of up to three to four spans from midspan for all link configurations.
Therefore, we can conclude that the analytical model for the estimation of nonlinearity mitigation with spectral inversion demonstrates significant benefits for superchannel transmission over uniform and non-uniform transmission links even with off-midspan placement of PSI/SI. Please note that the analytical model can accurately predict the improvement brought by SI or PSI because the residual nonlinear noise has Gaussian profile (see Fig. 6 ) even though chromatic dispersion is compensated by midspan SI or PSI. This proves that GN model can be safely applied in analytical model.
Conclusion
We have derived an analytical model and demonstrated good agreement with the numerical simulation model for nonlinearity mitigation using PSI/SI in transmission of superchannel with 32 Gbaud Nyquist DP-16-QAM subcarriers over 20 spans of SMF fiber with uniform and non-uniform configurations. The standard deviation of the difference between calculated Q-factor improvements by the analytical and the numerical models is about 0.2 dB for a five-subcarrier superchannel transmission with PSI/SI, and it was only about 0.1 dB for a two-subcarrier superchannel. We also have shown that PSI performed 1.5 dB better than SI in uniform links for the five-subcarrier superchannel, while it is comparable or slightly better in non-uniform links. The Q-factor improvement of more than 2.5 dB with midspan PSI and more than 1.8 dB with flexible PSI is achieved for the five-subcarrier superchannel transmission in uniform and non-uniform transmission links. Thus, the analytical model can enable fast and accurate evaluation of optical reach improvement from flexible placement of spectral inversion in superchannel transmission over any link configurations.
